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In this paper we prove the existence of solutions of some nonlinear elliptic
equations with degenerate coercivity of the type
 div Du 1 u div F , in  ,Ž . Ž .Ž .½ u 0, on  ,
rŽ . Ž .when the datum F belongs to the space L  , where r 2 and  0, 1 .
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INTRODUCTION
In this paper we prove existence of weak solutions of elliptic equations
of the type
div a x , u Du div F , in D  ,Ž . Ž . Ž .Ž . 1Ž .½ u 0, on  .
100
0022-247X01 $35.00
Copyright  2001 by Academic Press
All rights of reproduction in any form reserved.
EXISTENCE RESULTS WITH IRREGULAR DATA 101
N Ž .Here  is a bounded regular open set in R , N 1, a x, s is a
Caratheodory function defined in  R with values in R, satisfying´

 a x , s  , a.e. x and s RŽ .  1 sŽ . 2Ž .
0  1,  ,  0,
and F verifies
r 	 
F L  , for some r r , 2 , 3Ž . Ž .0
where r is a suitable constant that depends only on  ,  , N, and .0
Ž . 1Ž .Let us point out that 2 implies that the coercivity in H  can0
degenerate when u is large.
Ž .Moreover, by 3 the right-hand side can belong to a space which is
1Ž .larger than H  which would be the natural one for the problem.
Therefore standard methods of uniformly elliptic operators acting between
spaces in duality cannot be applied.
Our main results are stated in Section 1. In Theorems 1.1, 1.2, and 1.3
2Ž .we consider data F in L  .
N 1, qŽ .If 0  we prove existence of solutions in W  , whereŽ . 02 N  1
2 N 1 Ž .
, if N 2,
N 2q

2  ,  0, 1 , if N 2,Ž
2, if N 1
Ž .Theorem 1.1 . We point out that q 2 if N 2 and therefore the
solutions do not have ‘‘finite energy.’’
N Ž .If  we prove existence of entropy solutions for problem 1Ž .2 N  1
Ž .see Definition 1.1 and Theorem 1.2 .
The general case when the principal part is possibly nonlinear in the
gradient is still open.
rŽ .Then we consider less regular data F L  , 1 r 2, in Theorems
1.4 and 1.5.
Ž .More precisely Theorem 1.4 deals with the problems of the type 1
Ž Ž ..under the stronger control from above with respect 2
	
a x , s  , a.e. x , and s R. 4Ž . Ž . 1 sŽ .
Ž . Ž . Ž .An example of a x, s which doesn’t satisfy 4 but simply 2 is
1
a x , s  , 5Ž . Ž . 1  x sŽ .Ž .
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where
0  x  1, a.e. x .Ž .
Ž . Ž .In Theorem 1.5 we deal with nonlinearity a x, s satisfying assumption 2
Ž Ž . .and a further regularity condition see 19 below .
Ž .Existence results for nonuniformly elliptic equations of the type 1 with
	 
the right-hand side in Lebesgue spaces have been proved in 3 with really
Ždifferent techniques, which cannot applied in our framework see Remark
.1.1 .
Ž .On the other hand, existence of solutions for problems 1 when F
rŽ .L  , with suitable r near two, are known only for uniformly elliptic
Ž .operators  0 . Results for linear operators has been proved by Meyers
Ž 	 
.see 8 just in the sixties, by means of the duality method and the
regularity theorem. In the nonlinear setting there are some existence
results for problems with right-hand side F zero and non-zero boundary
Ž 	 
.conditions see 6 . If the datum F is non-zero and the operator is strictly
monotone and Lipschitz continuous in the gradient variable, again it is
Ž 	 
.possible to prove the existence of solutions see 2 .
Ž .Here the main difficulties see Theorems 1.4 and 1.5 rely on the a priori
Ž . qŽ .estimates of Du u is a suitable approximating sequence in some L n n
space for q 2. This is due to the lack of coercivity and the fact that when
the data are not regular, we cannot use the natural test functions since
they do not have the right summability.
To prove such estimates we will use some technical tools like a ‘‘decom-
position’’ lemma and the Hodge decomposition that will be stated in
Section 2. An obvious consequence of these a priori estimates will be the
Ž .weak convergence of the gradients up to a subsequence that in the case
of linear dependence of the gradient is sufficient to pass to the limit in the
approximating problems.
1. MAIN RESULTS
Let us consider the following nonlinear elliptic problem
div a x , u Du div F , in D  ,Ž . Ž . Ž .Ž . 6Ž .½ u 0, on  .
N Ž .Here  is a bounded open subset of R and a x, s :  R R is a
Caratheodory function satisfying, for every s R and for almost x,´
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the structure conditions
c0  a x , s  c , 7Ž . Ž .1 1 sŽ .
0  1, 8Ž .
where c and c are positive constants. Let us begin by considering the0 1
more regular case when the datum F satisfies
F L2  . 9Ž . Ž .
NŽ . Ž .THEOREM 1.1. Let 7  9 hold. Moreoer if N 2 let  .Ž .2 N  1
1, qŽ . Ž .Then there exists at least a weak solution uW  of problem 6 in the0
sense of distribution, where
2 N 1 Ž .
, if N 2,
N 2q 10Ž .
2  ,  0, 1 , if N 2,Ž2, if N 1.
Moreoer it results
  2Du
 c, 11Ž .H 2  1 uŽ .
where c is a constant that depends only on the data, i.e., on N, ,  , c , c0 1
 and F .2
Ž .Remark 1.1. We notice that our datum div F belongs to the space
2 N1 1 	Ž . Ž . Ž .H  and that, if N 2, H   L  , where 	 . ThusN 2
Theorem 1.1 gives, as a particular case, an existence result of solutions
1, qŽ . Ž Ž ..belonging to the space W  q as in 10 when the datum is a function0
	 Ž . 	 
 Ž .of L  , that is the same proved in 3 with the same value of q when
N 2.
NWhen N 2 the assumption  guarantees that q 1. If Ž .2 N  1
N it is possible to prove the existence of an entropy solution in theŽ .2 N  1
sense made precise below.
Ž . 1Ž .Let u be a measurable function such that T u belongs to H  fork 0
every k 0. We recall that there exists a unique measurable function
 :  RN such that

 DT u , almost everywhere in  , k 0,Ž . u  k4 k
Ž 	 
.see 1, Lemma 2.1 . We define Du, the weak gradient of u, as this
function .
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Ž .DEFINITION 1.1. A measurable function u is an entropy solution of 6
Ž . 1Ž .if T u belongs to H  for every k 0 and ifk 0
a x , u Du DT u  dx F DT u  dx ,Ž . Ž . Ž .H Hk k
 
1Ž . Ž .for every k 0 and for every H   L  .0
Ž . Ž .THEOREM 1.2. Let us assume 7 , 9 ,
N
N 2 and 1  . 12Ž .
2 N 1Ž .
Ž .Then there exists an entropy solution u of problem 6 . Moreoer such a
solution satisfies
  2Du
 c, 13Ž .H 2  1 uŽ .
where c is a constant that depends only on the data.
We point out that in the simpler case where a has the following upper
growth condition
c c0 1 a x , s  , c  0, 14Ž . Ž .1    1 s 1 sŽ . Ž .
Ž . Ž .the condition 11 or 13 is equivalent to
2 2 a x , u Du  c , 15Ž . Ž .H 2

1Ž .where c  cc . Hence we can take test functions in H  .2 1 0
Ž .Examples of operators verifying 14 are
 xŽ .
a x , s  , 16Ž . Ž . 1 sŽ .
or
1
a x , s  , 17Ž . Ž .  x  sŽ .Ž .
where  satisfies, for almost every x, the conditions
 L  ,  x  c  0. 18Ž . Ž . Ž .2
Ž . Ž . Ž .We notice that in the case 16 as in the case 17 the condition 18 on 
Ž .is a necessary and sufficient condition for 14 to hold.
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Ž .There exist examples of operators for which condition 7 is satisfied but
Ž . Ž .14 is violated, as shown in the introduction by the operator defined in 5 .
Nevertheless even in this case if we assume further conditions, like, for
 Ž .D x NŽ . Ž .example, if N 2, that  L  , then the regularity condition 15Ž . x
still holds true. More generally we have the following
Ž . Ž .THEOREM 1.3. Under the assumptions 7  9 if it results
D a x , sŽ .Ž .x mG x  sup  L  ,Ž . Ž .sR a x , sŽ .
N , if N 2,2  , if N 2,m 19Ž .2, if N 1,
where  is a positie constant, then the solutions u found in Theorems 1.1 and
1.2 erify
2 2 a x , u Du  c , 20Ž . Ž .H 3

where c is a constant that depends only on the data. Hence we can take test3
1Ž .functions in H  .0
Consider now the case when F satisfies the weaker condition
N
rF L  ,  r 2, 21Ž . Ž .
N 1   Ž .
and
N
N 1, or N 2 and  . 22Ž .
2 N 1Ž .
Ž . Ž .Notice that assumption 22 guarantees that the hypothesis 21 is well
Ndefined as it is equivalent to the inequality  2.Ž .N 1    
In this case, as before, we treat the two different upper growth condi-
Ž . Ž .tions 7 and 14 as shown by the following Theorems 1.4 and 1.5.
Ž . Ž . Ž .THEOREM 1.4. Let  be as in 22 and assume that 14 and 21 hold.
Ž .There exists a constant r r  2 that depends only on N, , c , and c0 0 0 1
Ž .such that if r in 21 satisfies
r  r 2, 23Ž .0
1, qŽ . Ž .then there exists at least a solution uW  of 6 , where q is gien by0
the formula
Nr 1 Ž .
, if N 2,q 24Ž .N  rr , if N 1.
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Ž .Remark 1.2. We notice that the coefficient q in 24 verifies the
condition q 1. As a matter of fact it is obvious if N 1; otherwise such
NŽ .an inequality is equivalent to the condition 21 , r .Ž .N 1    
Ž . Ž .THEOREM 1.5. Let  be as in 22 . Under the assumption 7 if G
 Ž . Ž .  4L  where G is as in 19 and max N, 2 , there exists a constant r1
Ž . Ž .r  2 that depends only on N, c , c , and  such that if r in 21 satisfies1 0 1
r  r 2, 25Ž .1
1, qŽ . Ž .then there exists at least one solution uW  of problem 6 , where q is0
Ž .as in 24 .
2. SOME PRELIMINARY RESULTS
As said above, we state here the Hodge decomposition and a decomposi-
tion lemma that will be used in the following.
Ž . ŽLEMMA 2.1 Hodge Decomposition . Let  be a regular domain for the
	 
. 1, rŽ .definition see 6 ,  W  , r 1, and let 1  r 1. Then there0
N Ž rŽ1 .Ž ..Nexist  :  R and H:  R such that H L  , diH 0,
1, rŽ1 .Ž .W  , and0
  D D DH , 26Ž .
  rŽ1 .    1rH  c  , r , N   D , 27Ž . Ž .L Ž . L Ž .
  rŽ1 .    1rD  1 c  , r , N  D . 28Ž . Ž .Ž .L Ž . L Ž .
	 
For the proof see 5, 6 .
Ž . mŽ . 1, rŽ .LEMMA 2.2 Decomposition Lemma . Let G L  ,  W 0
Ž . where r 1, and  R . Then there exist  ,  , . . . ,  measurable1 2 l
1, rŽ .  4subsets of  and l elements  of W  , s 1, . . . , l such thats 0
  m   m  4G   , G   , s 1, 2, . . . , l 1 , 29Ž .L Ž . L Ž .l s
m1
m l  G  1, 30Ž .Ž .L Ž .
 4x : D   0  , s 1, 2, . . . , l , 31 4Ž . Ž .s s
 4D D a.e. in  , s 1, 2, . . . , l , 32Ž .s s
     in  , 33Ž .1 2 l
l
   in  . 34Ž .Ý i s
is
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Ž . Ž . 	 
The proof of 29  33 can be found in 4, Proposition 2.1 , while the
Ž .property 34 , that will be essential in the a priori estimates, will be easily
	 
proved once the construction in 4 is seen.
3. A PRIORI ESTIMATES
In this section we will prove some a priori estimates that will be essential
in the proofs of Theorems 1.11.5. These will be true also in the case of
Žmore general nonlinear operators also with respect to the gradient vari-
.able under classical hypotheses. We confine ourselves to the case where
the operator is linear in the gradient variable, since at the moment, we are
not able to pass to the limit in the approximating problems when the
operator is not of this type.
1Ž .3.1. First Case: Datum in H 
Let us consider the following approximating problems
div a x , T u Du div F , in  ,Ž . Ž .Ž .Ž .n n n
35Ž .1½ u H  ,Ž .n 0
Ž .where T s is the usual truncation at levels 	n, that is,n
 4T s max n , min n , s . 36 4Ž . Ž .n
We notice that under the hypotheses of Theorem 1.1 and Theorem 1.2 for
every fixed n in N, there exists one and only one solution of the
Ž .approximating problem in 35 .
LEMMA 3.3. Under the assumptions of Theorem 1.1 there exists a constant
  2c that depends only on N, q, , c , and F such that eery solution ofL Ž .4 0
Ž .problem 35 satisfies the estimate
  qDu  c , 37Ž .H n 4

Ž .where q is as in 10 .
Proof. As a first step we prove that, for every fixed  , 0  1, there
exists a constant c , that doesn’t depend on n, such that it results5
  2Dun  c , 38Ž .H 52
 1 T uŽ .Ž .n n
Ž .for every solution u of 35 . Let us definen
u dsn
 u  . 39Ž . Ž .Hn 
0 1 T sŽ .Ž .n
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Ž . 1Ž .It results  u H  and we haven 0
Dun
D u  . 40Ž . Ž .n 
1 T uŽ .Ž .n n
Ž . Ž . Ž .Taking  u as a test function in 35 and by means of assumption 7n
and the Young inequality we obtain
  2   2c Du Du0 n n a x , T uŽ .Ž .H H n n2 
 1 T u 1 T uŽ . Ž .Ž . Ž .n n n n
  2c Du0 n  c , 41Ž .H 62
 2 1 T uŽ .Ž .n n
Ž .   2 Ž .where c  1c H F , which implies 38 with c  2c c . To con-6 0  5 6 0
clude the proof we notice that when N 2 it results q 2, and so using
the Sobolev and the Hoelder inequality we have
qq


q qq    c u  DuH Hs n nž /
 
  qDu qn 1 T uŽ .Ž .H n n q
 1 T uŽ .Ž .n n
q22 1q2  Du Ž .n  q 2q  1 u ,Ž .H H n2 ž /ž / 1 T uŽ .Ž .n n
42Ž .
1 Ž . Ž .where c is the Sobolev constant. From 42 , using the estimate 38 wes
obtain that if N 2,
qq


q qq    c u  DuH Hs n nž /
 
1q2
Ž . q 2qq2   c 1 u . 43Ž . Ž .Ž .H5 nž /


 Ž . 
If N 2 observing that q   q 2q and that 1 q2 qq from
Ž .43 it follows
  q


u  c , 44Ž .H n 7

1 Ž . 1, pŽ .      pI.e., c  c , N such that for every W  it results   c D ,L Ž . L Ž .s 0 s
where  p
 , if N p,  can be any real number bigger than one if N p, and , if
N p.
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Ž q2 q.1Žq q
1q2. Ž . Ž . Ž .where c  c c . From 44 and 43 it follows 37 .7 5 s
2  
Ž .If N 2, it results  q  q and thus using the Hoelder estimate weq
obtain
Ž .1q2  Nq N
 qŽ . q 2q   1 u  c 1 u , 45Ž .Ž . Ž .H Hn 8 nž / ž /
 
Ž   . Ž . Ž . Ž .where c  c  ,  , q, N . From 43 and 45 noticing that  N q N8

 Ž . Ž . Ž . qq we obtain 44 , that again united to 43 gives 37 .
1Ž .Finally, if N 1 by the Sobolev immersion theorem it results H  0
Ž . Ž .L  and thus, using the estimate 38 , we have
  2Du 2n2 Du  1 T uŽ .Ž .H Hn n n2
  1 T uŽ .Ž .n n
2 2
2  c 1 T u  2c 1 Du , 46Ž . Ž .Ž .L Ž .Ž .L 5 n n 9 n
 24 Ž .where c  c max 1, c . From 46 follows the thesis as  1. Q.E.D.9 5 s
LEMMA 3.4. Under the assumptions of Theorem 1.3 there exists a constant
  2c that depends only on N, , c , and F such that eery solution ofL Ž .10 0
Ž .problem 35 satisfies the estimate
2 2 a x , T u Du  c . 47Ž . Ž .Ž .H n n n 10

Ž .Proof. Let  u be the function defined asn
un
 u  a x , T s ds. 48Ž . Ž . Ž .Ž .Hn n
0
Ž . 1Ž .It results  u H  andn 0
un
D u  a x , T u Du  D a x , T s ds. 49Ž . Ž . Ž . Ž .Ž . Ž .Hn n n n x n
0
Ž .To prove 47 we first show that the following estimate holds
2
D u  c . 50Ž . Ž .H n 11

ŽLet  be a positive constant that will be determined later depending only
.on the data in the structure conditions and apply Lemma 2.2 with
Ž .   u and r 2. Thus there exist  ,  , . . . ,  measurable subsetsn 1 2 l
	 Ž .
 1Ž .  4of  and l elements    u of H  , s 1, . . . , l , such that thes n s 0
Ž . Ž .  4conditions 29  34 are satisfied. Let s 1, . . . , l be arbitrary fixed and
	 Ž .
 Ž .choose  u as a test function in 35 . We obtainn s
a x , T u Du D  u  FD  u . 51Ž . Ž . Ž . Ž .Ž .H Hn n n n ns s
 
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Ž . Ž .We estimate now the integrals that appear in 51 . Using 49 , the
structure assumptions, and Lemma 2.2 it results
a x , T u Du D  uŽ . Ž .Ž .H n n n n s

2 2  a x , T u DuŽ .Ž .H n n n
 s
un
 a x , T u Du D a x , T s ds dxŽ . Ž .Ž . Ž .H Hn n n x nž /
 0s
2 2  a x , T u DuŽ .Ž .H n n n
 s
D a x , T sŽ .Ž . u x nn  a x , T u Du a x , T s dsŽ . Ž .Ž . Ž .H Hn n n nž /a x , T sŽ .Ž . 0 ns
2 2    a x , T u Du  a x , T u Du  u G xŽ . Ž . Ž . Ž .Ž . Ž .H Hn n n n n n n
 s s
2 22 2    a x , T u Du   a x , T u DuŽ . Ž .Ž . Ž .H Hn n n 1 n n n
 s s
22 c G x  u , 52Ž . Ž . Ž .H12 n
 s
Ž .1where  is a positive constant that will be chosen later and c   .1 12 1
Ž .Besides for the right hand side of 51 we have
FD  uŽ .H n s

u D a x , T sŽ .Ž .n x n F a x , T u Du  a x , T s dsŽ . Ž .Ž . Ž .H Hn n n n a x , T sŽ .Ž . 0 ns
2 2 2       a x , T u Du  c F  F G x  uŽ . Ž . Ž .Ž .H H H2 n n n 13 n
  s s
2 2 2     a x , T u Du  c  1 FŽ . Ž .Ž .H H2 n n n 13
 s
22 G x  u , 53Ž . Ž . Ž .H n
 s
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Ž .1where  is a positive constant that will be chosen later and c   .2 13 2
Ž . Ž . Ž .Using 52 and 53 in 51 we obtain
2 2 1    a x , T u DuŽ . Ž .Ž .H1 2 n n n
 s
222  c  1 F  c  1 G x  u . 54Ž . Ž . Ž . Ž . Ž .H H13 12 n
  s
Ž .Choosing  and  in 54 as1 2
1    , 55Ž .1 2 4
it holds
2 222 21    a x , T u Du  c F  c G x  u , 56Ž . Ž . Ž . Ž .Ž .H H Hn n n 14 15 n2
  s s
where c  c  1 and c  c  1. We notice now that using again14 13 15 12
Lemma 2.2 and the Hoelder and Sobolev inequalities, we can estimate the
Ž .last term in 56 as
l
222 2G x  u  G x  uŽ . Ž . Ž . Ž .ÝH Hn n i
 s sis
l
22
m  G  u 	Ž .Ý L Ž . Ž .n L is
is
l
222
m  c G D  u , 57Ž . Ž .Ý L Ž .Hs n is
is
Ž .where m is as in 19 , c is the Sobolev immersion constant, ands
2
 , if N 2,
m2 , if N 2,	 ž /2, if N 1.
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Ž . Ž . Ž .Besides using 56 , 57 , and 29 we have
2un2
D  u  a x , T u Du  D a x , T s dsŽ . Ž . Ž .Ž . Ž .H H Hn n n n x ns
  0s
2 2  2 a x , T u DuŽ .Ž .H n n n
 s
2
u D a x , T s dsŽ .Ž .n x n 2 a x , T sŽ .Ž .H H n a x , T sŽ .Ž . 0 ns
22 c  c G x  uŽ . Ž .H16 17 n
 s
l
22
m  c  c G D  uŽ .Ý L Ž .H16 18 n is
is
l
22 c  c  D  u , 58Ž . Ž .Ý H16 18 n i
is
  2 2 Ž .where c  4c H F , c  4c  2, and c  c c . Let s l in 58 ;16 14  17 15 18 17 s
we obtain
221 c  D  u  c , 59Ž . Ž .Ž .H18 n 16l

Ž .12from which it follows, choosing  2c ,18
2
D  u  c , 60Ž . Ž .H n 19l

Ž .where c  2c . Let now s l 1 in 58 ; we have19 16
2
D  uŽ .H n l1

2 22 c  c  D  u  D  u , 61Ž . Ž . Ž .H H16 18 n nl1 lž /
 
Ž .that together with 60 , thanks to the choice done for  , implies
2
D  u  c , 62Ž . Ž .H n 20l1

where c  2c  c . Proceeding as above, we deduce that for every20 16 19
 4s 1, . . . , l it results
2
D  u  c , 63Ž . Ž .H n 21s

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where c is a constant that depends only on the data in the structure21
Ž . Ž . Ž .conditions. From 33 , 63 , and 30 it follows that
2
D u  c , 64Ž . Ž .H n 22

	Ž 1   m .m 
2 Ž .where c  c  G  1 , that is, 50 . Since we can easilyL Ž .22 21
verify that
2 2u  n u2 nD a x , T s ds  G x a x , T s dsŽ . Ž . Ž .Ž . Ž .H H H Hx n n
 0  0
22 G x  uŽ . Ž .H n

2
m  G c D u , 65Ž . Ž .L Ž . H23 n

2 Ž . Ž . Ž .where c  c , 50 implies 47 due to 49 . Q.E.D.23 s
Remark 3.3. We notice that we can avoid using Lemma 2.2 if we know
  mthat G is sufficiently small.L Ž .
1Ž .3.2. Second Case: Datum Not in H 
Let us consider the following approximating problems
div a x , T u Du div F , in  ,Ž . Ž .Ž .Ž .n n n n
66Ž .1½ u H  ,Ž .n 0
2Ž .where F is a sequence in L  such thatn
F  F , in Lr  . 67Ž . Ž .n
Ž .It is well known that if a x, s is as in Theorems 1.4 or 1.5 then, for every
Ž .fixed nN, there exists one and only one solution of 66 . We begin with
the simpler case when we have the strong control from above stated
Ž .in 14 .
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LEMMA 3.5. Under the hypotheses of Theorem 1.4 there exists a constant
c that depends only on c , c , N, and  such that the following estimate25 0 1
holds
  rDun  c , 68Ž .H 25 r
 1 T uŽ .Ž .n n
Ž .where u is the solution of problem 66 .n
Ž . Ž . Ž .Proof. Let    u be as in 39 and  u and H defined byn n n
Ž . 1, Ž rŽ r1..Ž .Lemma 2.1 where we choose  r 2. Hence  u W n 0
and it results
r2
D u  D u D u H , 69Ž . Ž . Ž . Ž .n n n n
where
r1
rŽ r1.    rH  c  , N r 2  D u . 70Ž . Ž . Ž .L Ž . Ž .L n n
Ž . Ž . Ž .Choose  u as a test function in 66 . Using 69 we obtainn
r2
a x , T u Du D u D u HŽ . Ž . Ž .Ž .H n n n n n n

r2 F D u D u H . 71Ž . Ž . Ž .H n n n n

Ž . Ž .Using 40 and 14 we have
r2
a x , T u Du D u D uŽ . Ž . Ž .Ž .H n n n n n

  ra x , T u DuŽ .Ž .n n nH Ž . r1
 1 T uŽ .Ž .n n
  rDun c , 72Ž .H0  r
 1 T uŽ .Ž .n n
Ž .that with 71 implies
  rDun
   c  a x , T u Du HŽ .Ž .H H0 n n n n r
 1 T uŽ .Ž .n n
r1    F D u  H . 73Ž . Ž .H n n n

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Ž .We estimate now the terms in the right-hand side of 73 . Using assump-
Ž . Ž . Ž .tion 14 , 70 , and 40 it results
   a x , T u Du HŽ .Ž .H n n n n

 Dun
  c HH1 n
 1 T uŽ .Ž .n n
  rDun rŽ r1.  c   c c  HŽ .H H1 1 1 1 n r
 1 T uŽ .Ž .n n
  rDun c  H1 1  r
 1 T uŽ .Ž .n n
rŽ .r r1  c c  c  , N r 2 D uŽ . Ž . Ž .Ž . H1 1 n

  rDunŽ .r r1  c   c  c  , N r 2 , 74Ž . Ž . Ž .Ž . Hž /1 1 1  r
 1 T uŽ .Ž .n n
Ž . 1Ž1r .where  is a positive constant to be determined and c    .1 1 1
Ž .Moreover, using again 40 we obtain
rr1 r   F D u   D u  c  FŽ . Ž . Ž .H H Hn n 2 n 2 n
  
  rDun r    c  F , 75Ž . Ž .H H2 2 n r
 1 T uŽ .Ž .n n
Ž . 1 rwhere  is a positive constant to be determined and c    . At the2 2 2
Ž .end, by 70 we also have
  rDunŽ .r r1r       F H  F  c  , N r 2 .Ž .Ž .H H Hn n n  r
   1 T uŽ .Ž .n n
76Ž .
Ž . Ž . Ž . Ž .Using 74 , 75 , and 76 in 73 it follows that
Ž .r r1 c  c   c c   1 c  , N r 2  Ž . Ž .Ž .Ž .½ 50 1 1 1 1 2
  rDun r   c   1 F . 77Ž . Ž .Ž .H H2 n r
 1 T uŽ .Ž .n n
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Ž .We notice that 67 implies the existence of a positive constant c that26
  rdepends only on F and thus independent of n, such thatL Ž .
  rF  c . 78Ž .H n 26

Let us choose
c0
c     . 79Ž .1 1 2 4
We want that r satisfies the inequality
Ž .1 1rc c0 0Ž .r r1 c  1 c  , N r 2  ,Ž .Ž .1 ž /4c 41
and this is true if, for example, we choose r verifying0
c0
 r  2  . 80Ž .0 4c  , N c  1Ž . Ž .1
Ž . Ž . Ž . Ž .Using 78 , 79 , and 80 in 77 we obtain
r 1r Du 4 cn 0  1 c  c , 81Ž .H 26 27 r ž /c 4 1 T u 0Ž .Ž .n n
4 4Ž  4 .where c  max 1,  1 c . Q.E.D.27 26c c0 0
Ž .We prove now the a priori estimate under the weaker condition 7 .
LEMMA 3.6. Under the hypotheses of Theorem 1.5 there exists a constant
     rc that depends only on c , N, G , F , r, and  such that theL Ž . L Ž .28 0
following estimate holds
r r a x , T u Du dx c , 82Ž . Ž .Ž .H n n n 28

Ž .where u is the solution of problem 66 .n
Ž . Ž .Proof. Let  u be as in 48 where now u is the solution of problemn n
Ž . Ž .66 . Analogously to the proof of Lemma 3.4 we will prove that 82 is a
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consequence of the estimate
r
D u  c , 83Ž . Ž .H n 29

where c is a constant independent on n.29
To do this, let
1
, if N 2,
16cs 1
, if N 1,  16c 1 Ž .s
where c is the Sobolev immersion constant, and apply Lemma 2.2 with thes
 Ž . Ž . 1, rŽ .functions G L  and    u W  . Then there exist  ,n 0 1
	 Ž .
 1, rŽ . , . . . ,  measurable subsets of  and l elements  u of W  ,2 l n s 0
 4 Ž . Ž . s 1, . . . , l , such that the condition 29  34 are satisfied. Let s 1,
4. . . , l be arbitrary fixed and let us apply Lemma 2.1 to the function
	 Ž .
 Ž s. Ž s. u . Thus we have, setting  and H the corresponding functions,n s n n
r2Ž s. Ž s.D  D  u D  u H , 84Ž . Ž . Ž .n n n ns s
where
r1Ž s.  rŽ r1.H  c  , N r 2  D  u . 85rŽ . Ž . Ž .Ž . Ž .L n n L s
Ž . Ž .Using 49 and the fact that u is the solution of problem 66 we obtainn
D u D Ž s. a x , T u Du D Ž s.Ž . Ž .Ž .H Hn n n n n n
 
un Ž s. D a x , T s ds DŽ .Ž .H H x n nž /
 0
unŽ s. Ž s. F D  D a x , T s ds D . 86Ž . Ž .Ž .H H Hn n x n nž /
  0
Ž .We notice that by 84 it results
rŽ s. Ž s.D u D  D  u  D u H . 87Ž . Ž . Ž . Ž .H H Hn n n n ns
  
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Ž . Ž .From 87 and 86 it follows that
r Ž s.D  u  D u HŽ . Ž .H Hn n ns
 
Ž s. F DH n n

 un Ž s. D a x , T s ds D . 88Ž . Ž .Ž .H H x n nž /
 0
Ž .We estimate now the integrals that appear in the right-hand side of 88 .
By means of the Young inequality we have
Ž .r r1 rŽ s. Ž s. 1r  F D   D   F . 89Ž .H H Hn n 1 n 1 n
  
where  is a positive constant that will be determined later. Moreover,1
Ž . Ž .using 84 and 85 we can estimate the first integral in the right-hand side
Ž .of 89 as
Ž .r r1Ž .r r1 r1Ž s. Ž s. D   D  u  HŽ .H H ž /1 n 1 n ns
 
Ž .r r r1rŽ r1. Ž s.  2 D  u  HŽ .H H1 n ns
 
rrŽ r1.  2 D  uŽ .H1 n s

rŽ .r r1   c  , N r 2 D  u ,Ž . Ž .Ž . H1 1 n s

90Ž .
Ž . Ž . Ž . Ž .where c , N  2c , N . From 90 and 89 we obtain1
rrŽ s. 1r rŽ r1. F D   F   2 D  uŽ .H H Hn n 1 n 1 n s
  
rŽ .r r1   c  , N r 2 D  u .Ž . Ž .Ž . H1 1 n s

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Ž .We estimate now the first integral in the right-hand side of 88 . Using
Lemma 2.2 and the Young inequality it results
Ž s.D u HŽ .H n n

l
Ž s. D  u HŽ .Ý H n ni
 ii1
1r Ž .r1 rl
Ž .r r r1Ž s. D  u HŽ .Ý H Hn ni ž /ž / ii1, is
1r Ž .r1 r
Ž .r r r1Ž s. D  u HŽ .H Hn ns ž /ž / s
r1rl
r
  D  uŽ .Ý H2 n iž / ii1, is
rŽ .r r1  c  c  , N r 2 D  uŽ . Ž . Ž .Ž . H2 n s

r
  D  uŽ .H3 n s

rŽ .r r1  c  c  , N r 2 D  uŽ . Ž . Ž .Ž . H3 n s

l
rr  l 1 D  uŽ . Ž .Ý H2 n i
 ii1, is
Ž .r r1  c   c  c  , N r 2  Ž . Ž . Ž .Ž .½ 52 3 3
r
 D  u ,Ž .H n s

Ž .where  and  are positive constants to be determined and c  2 3 i
1Ž1r . Ž . , i 2, 3. At least, for the last integral in the right-hand side of 88i
we have
 un Ž s. Ž s.D a x , T s ds D  G x  u D .Ž . Ž . Ž .Ž .H H Hx n n n nž /
 0 
Ž .We notice that using 84 we obtain
r1Ž s.G x  u D  G x  u D  uŽ . Ž . Ž . Ž . Ž .H Hn n n n s
  s
Ž s. G x  u H . 91Ž . Ž . Ž .H n n

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Ž . Ž .Moreover, using 34 and 29 of Lemma 2.2, Hoelder, Young, and Sobolev
Ž .inequalities it follows that if rN that is, if N 2 then for the first
Ž .term in the right-hand side of 91 we have
r1
G x  u D  uŽ . Ž . Ž .H n n s
 s
l
r1 G x  u D  uŽ . Ž . Ž .Ý H n ni s
 sis
l
r1

N  r G  u D  urŽ . Ž .Ý L Ž . Ž .Ž . L n nL i ss s
is
l
r1
r  c D  u D  urŽ . Ž .Ý Ž .Ž . L s n nL i s s
is
r
 c D  uŽ .Hs n s

l
r1
r c D  u D  u ,rŽ . Ž .Ý Ž .Ž . L s n nL i s s
is1
while if N 1 we have
r1
G x  u D  uŽ . Ž . Ž .H n n s
 s
l
r1 G x  u D  uŽ . Ž . Ž .Ý H n ni s
 sis
l
r1
r  r G  u D  uŽ . Ž .Ý L Ž . Ž .Ž . L n nL i ss s
is
l
r1
2    r G 1   u D  uŽ . Ž . Ž .Ý L Ž . Ž .Ž . L n nL i ss s
is
l
r1
  r  c 1  D  u D  urŽ . Ž . Ž .Ý Ž .Ž . L s n nL i s s
is
r
  c 1  D  uŽ . Ž .Hs n s

l
r1
  r c 1  D  u D  u .rŽ . Ž . Ž .Ý Ž .Ž . L s n nL i s s
is1
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Ž . Ž .For the second term in the right-hand side of 91 , using 85 and again
Hoelder, Young, and Sobolev inequalities, it results
Ž s.G x  u HŽ . Ž .H n n

Ž s.  r      r c 1  G D HŽ . L Ž . L Ž . Ž .L s n n
rrr Ž s.     r  c 1  G D u  c  HŽ . Ž . Ž .L Ž . H Ž .L 4 s n 4 n

r r
  c D  u   c D  uŽ . Ž .ÝH H4 G n 4 G ns i
 s ii1, is
rŽ .r r1  c  c  , N r 2 D  u , 92Ž . Ž . Ž . Ž .H4 n s
 s
Ž . 1Ž1r .where  is a positive constant to be determined, c    , and4 4 4
	Ž Ž  .   .2 
c  c 1  G  1 is a constant independent of r. UsingL Ž .G s
Ž .previous estimates in 88 and recalling the choice of  done at the
beginning we obtain
Ž .r r1 1  2 c  , N r 2Ž .Ž .1 1
Ž .r r1   c  ,  ,  c  , N r 2Ž . Ž .Ž .3 2 3 4
r1   c D  uŽ .H4 G n16 s
 s
l
rrr1r    F   l 1 D  uŽ . Ž .ÝH H1 n 2 n i
  ii1, is
l
r11
r r D  u D  uŽ . Ž .Ý Ž . Ž .L  L n n16 i si s
is1
l
r
  c D  u , 93Ž . Ž .Ý H4 G n i
 ii1, is
Ž . 	 1Ž1r . 1Ž1r . 1Ž1r .
where c  ,  ,        . We choose  2 3 4 2 3 4 1
Ž .c , N, r given by the formula
1
  . 94Ž .1 Ž .r r1 4 2 c  , N r 2Ž .1
Ž .Moreover, 67 implies the existence of a positive constant c that30
  rdepends only on F and is thus independent on n, such thatL Ž .
  rF  c . 95Ž .H n 30

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Ž . Ž .Hence from 95 and 94 it follows that
1 r   r F  c , 96Ž .H1 n 31

  rwhere c is a constant that depends only on , N, r, and F .L Ž .31
1Choose   . It remains to determine  and  . We impose the3 2 44
following restrictions for the choice of 4
1
    c  , N , G . 97Ž .Ž .L Ž .4 16cG
Ž . Ž . Ž .Using 94  97 in 93 we have
rŽ .r r13   c  , r ,  c  , N r 2 D  uŽ . Ž . Ž .Ž . H2 4 n8 s
 s
l
rr c   l 1   c D  uŽ . Ž .Ý H31 2 4 G n i
 ii1, is
l
r11
r r D  u D  u , 98Ž . Ž . Ž .Ý Ž . Ž .L  L n n16 i si s
is1
Ž . 	 1Ž1r . 1Ž r1. 1Ž1r .
where c  , r,     4   . For sake of simplicity2 4 2 4
Ž .let us assume l 3; the general case is similar since by 30 it follows that
Ž    .l c , N, G .L Ž .
Let us choose  and  verifying, for example,2 4
83
4   c  . 99Ž .2 4 G 3 	 
32  5  32 1 14Ž .
 4Notice that as c  1, it results max  ,   1. Impose that r verifiesG 2 4
the condition
 2 42   max c  , N r 2 , c  , N r 2  . 100Ž . Ž . Ž .Ž . 4
3  4  32
Thus it results
3 Ž .r r1   c  , r ,  c  , N r 2  0. 101Ž . Ž . Ž .Ž .2 48
As a matter of fact it results
3
c  , r ,   ,Ž .2 4 Ž .1 r114  Ž .Ž .2 4
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Ž . Ž . Ž .that together with 100 imply 101 . Let s l 3 in 98 : we obtain
2
r rr D  u  c   2   c D  u . 102Ž . Ž . Ž .ÝH Hn 31 2 4 G n3 i
  ii1
Ž .Choosing now s l 1 2 in 98 we have
r
 D  uŽ .H n 2

r rr c   2   c D  u  D  uŽ . Ž .H H31 2 4 G n n1 3
 
r11 D  u D  u . 103r rŽ . Ž . Ž .Ž . Ž .n n16 L  L 3 2
Using the Young inequality we have that the last term in the right-hand
Ž .side of 103 can be estimated from above with
r r1 D  u  D  u .Ž . Ž .H Hn n16 3 2
 
Ž .Thus it follows, using 102 , that
r1 D  uŽ .Ž .H n16 2

rr c   2   c D  uŽ .H31 2 4 G n 1

r1r  2   c  D  uŽ .H2 4 G n16 3

rr c   2   c D  uŽ .H31 2 4 G n 1

1r 2   c 2 4 G 16 r c   2   c31 2 4 G½
r r
 D  u  D  u . 104Ž . Ž . Ž .H Hn n1 2 5
 1
1Notice that our choices imply   0. Now we need ‘‘to absorb’’ in the16
left-hand side the last integral in the right-hand side. To ensure this, if we
define
Ž .r r11 5       c  , r ,  c  , N r 2 , 105Ž . Ž . Ž .Ž .1 2 416 16
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it is sufficient to prove that
 2 r   c  116 1 2 4 G r   2   c    ,1 2 4 G 1 26 106Ž .1
     0, 2 1 26
that is,
1r r 26  2   c   2   c ,2 4 G 2 4 G16 107Ž .½   0.2
Ž .Notice that 107 is verified because for our choice of  and  it results2 4
1 1	 
32 4   c  4   c  , 108Ž .2 4 G 2 4 G16 16
and because r satisfies the restriction
Ž .r r1 91Ž1r . 1Ž r1. 1Ž1r .    4   c  , N r 2  , 109Ž . Ž .Ž .2 4 32
since we have
27  2 42   max c  , N r 2 , c  , N r 2  ,Ž . Ž .Ž . 4 1104  32 Ž .  4max  ,   1.2 4
Thus we obtain
1r 2   c r 2 4 G 16
 D  u  c 1Ž .H2 n 312 ž /
1r 2   c 2 4 G 16r  2   c 12 4 G ž /
r
 D  u . 111Ž . Ž .H n 1

Ž . Ž .In order to simplify 111 we observe that by 108 it follows that
1 1 1
r 2 2   c    2   c   1 . 112Ž .2 4 G 2 4 G16 16 
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Ž . Ž .Hence using 112 in 111 we obtain
2cr 31
 D  u Ž .H2 n 2 
r2  2   c r2 4 G D  u . 113Ž . Ž .H n 1 
Ž . Ž . Ž .  	 Ž .
  rUsing 113 and 112 in 102 we obtain an estimate of H D  u n 3
 	 Ž .
  ronly in dependence of H D  u that is n 1
2r
 D  u  c 1Ž .H n 313  2
2 rr  2   c 1 D  u .Ž .H2 4 G n 1 2 1
114Ž .
Ž .To conclude choose s 1 in 98 and apply the Young inequality in the
last term in the right-hand side. Hence we obtain
r
 D  uŽ .H n 1
1
3
rr c   2   c D  uŽ .Ý H31 2 4 G n i
 ii2
r3
r1
r D  u  D  u , 115Ž . Ž . Ž .Ý HŽ .L n n16 i 1iž / i2
from which we have
3
r rr D  u  c   2   c D  uŽ . Ž .ÝH H1 n 31 2 4 G n1 i
 1 ii2
r 32 r
 D  u . 116Ž . Ž .Ý H n i16 i2
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Ž . Ž .Using the estimate 112  114 , it results
r
 D  uŽ .H1 n 1

r2 r rr c   2   c  D  u  D  uŽ . Ž .H H31 2 4 G n n2 3ž /16  
r2 5
 c 1 131 2ž /16  2
r2 5 rr  2   c 1 D  u , 117Ž . Ž .H2 4 G n 1216   2
Ž .Ž . 2as 1 1 2  2  5  . We can absorb the last integral2 2 2
of the right-hand side in the left-hand side as the following inequality
holds
r2 5 1
r   2   c 1    .1 2 4 G 1216 32 2
As a matter of fact, the previous inequality follows from the estimate
 32
4   c  . 118Ž .2 4 G 	 
5  32 1 14
Ž .To prove 118 it is sufficient to recall the choice done for  and  and2 4
to observe that from the choice done for r it follows that
8  , 119Ž .2 32
as it results
Ž .r r1 11Ž1r . 1Ž r1. 1Ž1r .    4   c  , N r 2  . 120Ž . Ž .Ž .2 4 32
Thus we conclude that there exists a positive constant c, independent on
n, such that
r
D  u  c. 121Ž . Ž .H n 1

Ž . Ž . Ž .Using 121 in 113 and 114 we obtain that for every i 1, 2, 3 the
following estimate holds
r
D  u  c , 122Ž . Ž .H n 32i

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     rwhere c is a constant depending only on G , r, F , , andL Ž . L Ž .32
Ž . Ž    . Ž . Ž .N, as by 30 it follows that l c , N, G . From 33 and 122 itL Ž .
Ž . Ž . Žfollows 83 which implies 82 proceeding as in Lemma 3.4 see formula
Ž ..65 . Q.E.D.
4. PROOFS OF THEOREMS 1.11.5
Ž .Proof of Theorem 1.1. Let u be the solution of problem 35 . Byn
Lemma 3.3 and the Sobolev embedding theorem, passing to a subse-
quence, that we denote again with u , we haven
Du pi169Du weakly in Lq  ,Ž .n
u  u in L  ,Ž .n
123Ž .
T u  u in L  ,Ž . Ž .n n
p 	a x , T u  a x , u in L  , p 1, ,Ž . Ž . Ž . .Ž .n n
	 
 . 	 .for every  1, q if N 2 and for every  1, if N 1. Thanks
Ž . Ž .to 123 we can pass to the limit as n in 35 and we obtain that u
Ž .is a solution of problem 6 .
Ž . Ž . 1Ž .In order to prove 11 we prove now that T u is bounded in H  byk n 0
Ž   2 . Ž .a constant c c k, F independent on n. Let us take T u as a testL k n
Ž . Ž .function in 35 . We obtain using assumption 7
12c0 2 2 DT u  F DT u ,Ž . Ž .H 2 Hk n k n ž /
 1 kŽ .
and thus we have
1 k
 2DT u  F . 124Ž . Ž .2Ž .L k n c0
Hence it follows that
DT u pi169DT u weakly in L2  as n . 125Ž . Ž . Ž . Ž .k n k
We observe that from
1 2
D T u  T u  0,Ž . Ž .Ž .H k n k2
 1 T uŽ .Ž .n n
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it follows that
1 1 22 DT u DT u  DT uŽ . Ž . Ž .H Hk n k k2 2
 1 T u 1 T uŽ . Ž .Ž . Ž .n n n n
2
DT uŽ .k n . 126Ž .H 2
 1 T uŽ .Ž .n n
Ž . Ž . Ž .Now using 123 , 125 , and 38 of Lemma 3.3 we deduce that
2
DT uŽ .k  c,H 2  1 uŽ .
Ž .from which by Fatou’s Lemma we obtain 11 .
Ž .Proof of Theorem 1.2. Let u be the solution of problem 35 . Let usn
Ž . 1Ž . Ž .choose as a test function T u   where H   L  . Wek n 0
obtain
a x , T u Du DT u    F DT u   .Ž . Ž . Ž .Ž .H Hn n n k n k n
 
Ž .We notice that 124 holds also in this case. Hence it is possible to proceed
	 
exactly as in the proof of Theorem 1.17 in 3 and conclude that there
Ž . Ž . Ž .exists an entropy solution of 6 . The proof of 13 follows from 126 ,
Ž . Ž . Ž .125 , and 38 of Lemma 3.3 which holds for every 0  1 fixed
Ž . Ž .    4noticing that if n k then it results T u  T u in the set u  k .n n k n n
Q.E.D.
Ž .Proof of Theorem 1.3. Let u be the solution of problem 35 . In ordern
Ž . Ž .to prove 20 it is sufficient to follow the outline of the proof of 11 in
Ž . Ž  Ž . .Theorem 1.1 and 13 in Theorem 1.2 changing the term 1 1 T un n
Ž Ž .. Ž . Žwith a x, T u and using 47 of Lemma 3.4 which holds for everyn n
. Ž .0  1 fixed instead of 38 of Lemma 3.3. Q.E.D.
Ž .Proof of Theorem 1.4. Let u be the solution of problem 66 . Byn
Ž .Lemma 3.5 if q is as in 24 and N 2, thus it results q r and we have,
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proceeding exactly as in the proof of Theorem 1.3,
qq


q qq    c u  DuH Hs n nž /
 
qrr 1qr  Du Ž .n  q rq  1 uŽ .H H n r ž /ž /  1 uŽ .n
1qr


 q 1q rq r q     c 2 u   , 127Ž .H25 nž /

r  
 
Ž . Ž .as  q  q . Noticing that 1 qr qq if rN, from 127 weq
obtain that if N 2 then it results
  q


u  c, 128Ž .H n

Ž . Ž .where c is a constant independent on n. Again using 128 in 127 we
obtain the following a priori estimate
  qDu  c. 129Ž .H n

If otherwise N 1 proceeding as before, but using the immersion of
1, rŽ . Ž . Ž .W  in L  the estimate 128 is replaced by0
  u  c, 130Ž .L Ž .n
Ž . Ž .where c is as in 128 and again we can deduce that 129 holds. Now we
can conclude the proof proceeding as in the proof of Theorem 1.1. Q.E.D.
Proof of Theorem 1.5. The proof of Theorem 1.5 make use of Lemma
3.6 and is similar to the previous one. Hence we omit it.
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